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The penetration-theory solution for the effect of a second-order irreversible liquid-phase 
chemical reaction on the rate of gas absorption has been computed numerically on an IBM-704 
computer. A linearized, time-centered, implicit finite-difference method was used to solve the 
nonlinear partial-differential equations. The method was very effective, permitting the solution of 
the equations for a wide range of the parameters of interest. The penetration-theory results are 
compared with the film-theory solution, and it is shown that the sdutions to the two theories 
agree within 16% i f  they are compared for conditions which produce the same asymptotic solution 
for a n  infinitely rapid chemical reaction. A simplified equation and some correction charts are 
presented which permit a rapid, accurate estimation of the penetration-theory s2lution over a 
wide range of variables. 

The problem of predicting the effect 
of a simultaneous liquid-phase chemi- 
cal reaction on the rate of gas absorp- 
tion has often been approached by 
adopting a simplified model of the 
liquid flow pattern which could then 
be treated mathematically. In the years 
since Hatta (11) first used the film- 
theory model to analyze the effect of 
an infinitely rapid, irreversibIe bi-mo- 
lecular reaction, a number of types of 
chemical reaction have been treated 
from the viewpoints of the film-theory 
and the penetration-theory models. 
The use of these two models to ana- 
lyze the effect of a simultaneous chem- 
ical reaction on the rate of gas absorp- 
tion is reviewed by Sherwood and 
Pigford ( 1 8 ) .  

One interesting aspect of this prob- 
lem is that it is often found that the 
predicted answer is surprisingly in- 
sensitive to the liquid flow pattern 
model that is chosen. This was pointed 
out by Peaceman ( I s ) ,  who com- 
pared the film- and penetration-theory 
solutions for several kinds of chemical 
reactions and found that they were in 
close agreement. Furthermore several 
recent publications have considered 
the effect of an infinitely rapid bimo- 
lecular reaction on the rate of mass 
transfer from a solid surface to a fluid 
stream, and results for laminar and 
turbulent boundary-layer models show 
surprising agreement with film and 
penetration theory results (3, 8, 15, 
19). 

It  is the purpose of this paper to 
present a solution to the penetration- 
theory equations for gas absorption 
accompanied by a second-order chem- 
ical reaction of finite rate and to com- 
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pare this solution with the film-theory 
solution. 

T H E  SECOND-ORDER R E A C T I O N  

The problem to be considered is 
that in which a gaseous species A dis- 
solves into the liquid phase [Equation 
( 1 ) ] and then reacts irreversibly with 
species B according to Equation ( 2 )  : 

Am A(,] ( 1 )  
A,,, + B,,, + products irreversibly ( 2 )  

Species 3 is a nonvolatile solute which 
has been dissolved into the liquid 
phase prior to its introduction into the 
gas absorber. I t  is assumed that gas- 
phase resistance to absorption is negli- 
gible, and thus the concentration of 
species A at the gas-liquid interface 
A, corresponds to equilibrium with the 
partial pressure of species A in the 
bulk gas phase. The chemical reaction 
Equation ( 2 )  is assumed to be second- 
order, with the kinetic equation 
rate (moles reacted) / (time) (volume) 

= k, A B  ( 3 )  

PENETRATION T H E O R Y  

In the penetration-theory model of 
the liquid flow pattern it is assumed 
that the liquid flows down over a piece 
of absorber packing in slug, laminar 
flow. Absorption takes place by molec- 
ular diffusion and accumulation within 
a slug of liquid as it flows down the 
packing and is exposed to the gas 
phase for a given contact-time inter- 
val. The liquid is completely and in- 
stantaneously mixed as it goes from 
one piece of packing to the next; thus 
each slug begins each contact-time 
interval with flat concentration profiles 
for all components. The contact time 
between successive mixing points is so 
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short that the absorbing species never 
penetrates deeply enough to approach 
the wall of the piece of packing, and 
so the liquid depth is assumed to be 
infinite for mathematical simplicity. 

When one uses this model and the 
second-order chemical reaction system 
described by Equations ( l) ,  (2) ,  and 
( 3 ) ,  the following differential equa- 
tions can be derived: 

a'b ab 
rq -- q -= ab 

82' ae ( 5 )  

The boundary conditions to be im- 
posed on the simultaneous solution of 
these differential equations are 

A t e  = 0, any x > o a =  o 
b = l  

A t ~ = o , m y e > o  a = i  
(6) 

-= ab 0 
8.2 

(7) 

(8) 

At z 3 60, any 0 a = o  
b = l  

These boundary conditions contain the 
assumption that chemical equilibrium 
prevails at the beginning of the con- 
tact-time interval; thus a == 0. Peace- 
man ( 1 3 )  has shown that the liquid 
holdup in a gas-absorption column is 
sufficient to insure that this assump- 
tion is a good one for cases of practical 
importance. 

I t  can be seen by Equations (4) 
through (8) that if numerical values 
are assigned to the parameters T and q ,  
then a and b are specified as unique 
functions of e and z .  The result de- 
sired in this study is 

4 E k,/kL" 

Both of these gas absorption coeffi- 
cients are based on the average absorp- 
tion rate over the contact-time interval. 
The physical absorption coefficient is 
related to the contact time by 
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Once a and b have been determined 
as functions of % and z, the variable 4 
can be determined for a particular con- 
tact time 0, by the following equation: 

The first integral in Equation (10) 
represents the total amount of species 
A in the liquid phase after a contact- 
time interval 8,; the second integral 
represents the disappearance of species 
B and thus the amount of species A 
which has been removed by chemical 
reaction. 

Careful study of Equations (4)  
through (10) reveals that 4 is uniquely 
specified when numerical values are 
assigned to r, q, and the dimensionless 
contact time 0, 

While it is to be expected that 
penetration-theory solutions will gen- 
erally be expressed in terms of the 
contact time t, it is often desirable to 
eliminate the contact time in favor of 
the physical absorption coefficient by 
use of Equation (9 ) .  This permits a 
more general expression of penetra- 
tion-theory results which facilitates 
their comparison with experimental 
data and with the predictions of other 
theories, such as the film theory. If 
Equation (9)  is used to eliminate t 
firom the definition of e, the result is 

(11) 
The more general variable M can be 
interpreted as a measure of how rapid 
the chemical reaction is, relative to 
physical absorption in an absorber with 
the physical absorption coefficient k,*. 

INFINITELY RAPID CHEMICAL 
REACTION 

For given values of r and q the 
variable 4 approaches an asymptotic 
value at large values of # (or M ) .  This 
asymptote 4. corresponds to the solu- 
tion for an infinitely rapid chemical 
reaction. The mathematical solution for 
this case has been published by Danck- 
werts (6) and by Sherwood and Pig- 
ford ( 1 8 ) .  The result can be repre- 
sented by the parametric equations 

4. = l/erf ( a )  
- 1 - e r f ( r / d r T  

q " = erf(a) exp[aa(I - l / r ) l  
(12) 

Figure 1 shows a convenient graphical 
representation of Equation (12). 

It can be seen from Figure 1 that 

Vol. 7, No. 2 

80 

30 

lo 

0.3 

I0 30 80 
o i  

01s 0 3  I 3 

rJ;- 

Fig. 1.  Penetration-theory solution for absorp- 
tion with a n  infinitely rapid irreversible reac- 

tion. 

the penetration-theory solution can be 
expressed as 

+ . = l + q  when r = l  (13) 

(14) 
&=l+dyq  when r # l  

the approximation of Equation (14) 
being better at high values of +e and 
at values of r near 1.0. The film-theory 
solution for an infinitely rapid chemi- 
cal reaction is (18) 

4,L = 1 + rq (15) 
Thus, for the infinitely rapid chemical 
reaction, the film and penetration 
theories agree when the diffusivity 
ratio is equal to unity; they disagree 
if r is different from unity. 

PSEUDO FIRST-ORDER REACTION 

If the concentration of species B is 
constant throughout the liquid phase 
at the value B,, species A undergoes a 
pseudo first-order reaction with species 
B .  The analytical solution to this prob- 
lem has been published by Danck- 
werts ( 5 )  and by Sherwood and Pig- 
ford ( 1 8 ) ,  and Peaceman ( 1 3 )  has 
shown that the film and penetration 
theories agree within 7% for this case. 

SOLUTION OF PERRY AND PIGFORD 

Except for the limiting conditions of 
the infinitely rapid reaction and the 
pseudo first-order reaction, no analyti- 
cal solutions to Equations (4)  and (5) 
have been achieved. A numerical solu- 
tion, obtained on a digital computer, 
has been presented by Perry and Pig- 
ford (14).  These authors presented 
results for values of q equal to 1, 2, 
and 20, with r equal to unity for each 
case. The range of variation of 8 was 
limited to values up to about 5 or 6. 
The results were presented in terms of 
the instantaneous absorption rate, but 

A.1.Ch.E. Journal 

Brian ( 1  ) has graphically integrated 
them to obtain 4 vs. 8 and has com- 
pared them with the film-theory solu- 
tion. Van Krevelen and Hoftijzer (20) 
presented an approximate solution to 
the film theory 

and Peaceman ( 1 3 )  proved that this 
approximation deviates from the true 
film-theory solution by no more than 
8%.  For a graphical representation of 
Equation (16) and a discussion of the 
various limiting regions reference (9) 
may be consulted. When Equation 
(16) was compared ( 1 )  with the in- 
tegrated results of Perry and Pigford, 
the maximum deviation in the 9 values 
was found to be 9%. The solution of 
Perry and Pigford was limited to val- 
ues of ~1% less than 2.4 and to the 
restricted case of r equal to unity (for 
which the two theories predict the 
same value of +a), but nevertheless 
the comparison led to the speculation 
(1, 9)  that the penetration theory 
solution could be approximated by 

9 =  . - - l  

for which +m is obtained from Equa- 
tions (12) or Figure l. This approxi- 
mation simply assumes that the pene- 
tration-theory solution approaches a 
given value of +a in the same way that 
Van Krevelen and Hoftijzer's approxi- 
mate film-theory equation (20) ap- 
proaches this same value of &, even 
though the values of r and q may be 
different for the two theories. 

This study was undertaken in order 
to obtain the penetration-theory soh- 
tion over wide ranges of the variables 
M and r.  These results are needed to 
permit a critical comparison of the 
film- and penetration-theory solutions 
and to evaluate the adequacy of Equa- 
tion (17) in approximating the pene- 
tration-theory solution. 

SOLUTION OF THE EQUATIONS 

Finite-Difference Equations 
The differential equations [ Equa- 

tions (4)  and ( 5 ) ]  were approximated 
by the following time-centered, im- 
plicit finite-difference equations analo- 
gous to the equation of Crank and 
Nicholson (4, 16) :  
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Fig. 4. Penetration-theory solution, @a = 11. 

1 aa(aJncl) + sz(aJn) 
[ 2 A z 2  

-[ A 8  tem of J simultaneous linear equations 
which, together with the boundary 
conditions to be discussed later, was 

5. The values ajnii" were calculated 
by the explicit finite-diff erence equa- 
tion 

aln+llz - 

1 Uj"" - 

= [ a;" 2' a," ] 
= UjnbJn 8 2  aln 

readily solved for the values afn+' ( j  = 
1, 2, . . . J )  by the method of solving 

erences (2, 17) .  (22) 

( b,"+'I2) 
-- 

tridiagonal equations presented in ref- AZ2 (A.8/2) 

3. It  was then possible to calculate 
6. These were inserted into Equa- 

tion (19) from which were obtained 
the late-time values bjntl. 

7. Then the values bln+llz were ob- 

the values aj"+'/' as 
1 F'(bjnt') + Sa(bjn) 

T9 [ 2 A zz 

- [ bjn+:-ob," ] 
U,"+l + u,n 

2 = 

( j  = 1, 2, . . . J )  (21) tained as ] bj"" + bj" 
with the late-time values a,"" just ob- bjn+llz = bjntl + bJn (23) (19) tained. 0 

The solution of these implicit equa- 
tions was greatly simplified by linear- 
izing according to the method of 
Douglas (7). The method of solution 
was as follows: when one assumes that 
all of the values u," and bj" are known 
at some time-step n for i = 0, 1, 2 ,... J ,  

1. The values by*'* ( j  = 1, 2, ... 1) 
were calculated by using the explicit 
finite-difference equation 

4. Inserting these values of 
into Equation (19) one obtains a sys- 
tem of J simultaneous linear equations 
which, together with the boundary con- 
ditions, was solved by the same method 
as in step 2 to yield the late-time 
values bjnrl ( j  = 0, 1, 2, . . . J ) .  

Thus the complete set of future- 
time concentrations a?' and by1  was 
obtained. In the calculations for the 
next time-step, the order in which 
Equations (18) and (19) were used 
was reversed: 

8. Inserting these values into Equa- 
tion (18) one obtains the late-time 
values a,"". 
These two schemes were used alter- 
nately from cycle to cycle as the cal- 
culation proceeded from one time-step 
to another. 

This linearized, implicit finite-dif- 
ference method was chosen in order to 
avoid the severe stability limitations 
encountered when an explicit method 
is used (2, 7, 12, 1 6 ) .  Perry and Pig- 

= Ulnb (20) 
2. Inserting these values of bJn+lfa 

into Equation (18) one obtains a sys- 
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Fig. 3. Penetration-theory solution, qjG = 6. Fig. 5. Penetrotion-theory solution, +a = 21. 
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Fig. 6. Correction to Equation (17), 9. = 3. 

ford (14), who used an explicit method, 
reported that an exceedingly small net 
size was required, and a very large 
amount of machine time was consumed 
in obtaining their results. I t  was clear 
that a prohibitively large amount of 
computer time would be required if 
an explicit method were used to cover 
the wide range of variables desired in 
this study. 

Boundary Conditions 

ference equations are: 

from Equations ( 6 ) ,  

The boundary conditions for the dif- 

( i  = 0, 1,2, . . . J )  

(24) 
1 a," = 0 

b," = 1 

from Equations (7), 
aOn = 1 

hen = 

(25) 

1 18 b;" - 9 b;" + 2 b," 
11 

( n = 1 , 2 , 3  ... ) 
The second condition of Equation 

(25) results from assuming b." to lie 
on a cubic polynomial in z passing 
through the values b;", b,", and b? and 
having a slope of zero at z equal to 
zero. The form of this boundary con- 
dition required an alteration in the 
procedure for solving tridiagonal equa- 
tions (2 ,  17). The method used to 
solve Equation (19) was a simple ex- 
tension of the procedure presented in 
the references. Reference (10) pre- 
sents the details of the algorithm used. 

The boundary condition of Equation 
(8)  was replaced by 

amJ, = a", 
(n = 1 , 2 , 3  . . .) 

(26) 
with the additional requirement that J 
must be chosen so large that increasing 
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i b",-, = b", 

it will not affect the resulting values 
of $. 

Computation 
The IBM-704 digital computer was 

programed to solve the difference 
equations as outlined. For any values 
of r and q introduced, the computer 
developed a and b as functions of z 
and 8; at selected values of e, $ was 
evaluated by Equation (10) and 
Simpson's rule, and the results were 
printed out as $ vs. 8. 

A more detailed description of the 
method of solution and the Fortran 
program appears in reference (10). 

RESULTS AND DISCUSSION 

Stability and Convergence 
The finite-difference method did not 

become unstable until the parameter 
AO/Az" become greater than two hun- 
dred times the stability limit for a sim- 
ple explicit method. Based upon con- 
vergence tests made by decreasing 
A0 and AZ and upon the agreement of 
the results with the known asymptotes 
and with the resuIts of Perry and Pig- 
ford ( 1 4 ) ,  it is believed that the re- 
sults presented here deviate from the 

true solution to the differential equa- 
tions by less than 2%. 
Results 

The solution, expressed as C+ vs. 0, 
was obtained for sixteen combinations 
of the parameters r and q.  The first 
four combinations are for the following 
conditions, respectively: 

r = 0.02, q = 4.644 

r = 1.0 , q = 2.000 
r = 10.0 , q = 0.778 

Reference to Figure 1 or Equations 
(12) reveals that each of these com- 
binations of r and q results in an 
asymptotic $ value of 3.0. The results 
for these four cases are plotted in Fig- 
ure 2 as $ vs. dx Equation (11) 
having been used to substitute M for 
8. The pseudo first-order curve (5, 
18) is the upper dotted curve. The 
lower dotted curve is Equation (17) 
with $& equal to 3; this of course is 
also Equation (16) with rq equal to 2. 
The four penetration-theory curves 
agree well with each other. While they 
represent a 500-fold variation in r ,  
when the q values are chosen so that 
each curve has an asymptote of 3, the 
4 values are found to agree with each 
other within 7%. The maximum devi- 
ation from Equation (17) is 13%. 

Figures 3, 4, and 5 contain similar 
comparisons for the runs with asymp- 
totic 4 values of 6, 11, and 21, re- 
spectively. The comparisons are quite 
similar to those shown in Figure 2; the 
deviations between the curves are 
slightly larger in Figure 3 and some- 
what smaller in Figure 5. 

It should be noted in Figures 2 and 
3 that $ approaches its asymptotic 
value from below. This is in contrast to 
the ratio of the instantaneous absorp- 
tion coefficient with chemical reaction 
to the instantaneous coefficient without 
chemical reaction; Perry and Pigford 
(14)  showed that this ratio crosses 
its asymptote and approaches it from 
above. 

r = 0.10, q = 3.785 
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Fig. 8. Correction to Equation (17), = 11. 

Simplified Approximation to Penetration 
Theory Solution 

The results of this study reveal that 
while Equation (17) is a fair approxi- 
mation to the penetration theory solu- 
tion, a correction to this approximate 
solution is required. Yet the simplicity 
of Equation (17) suggests that it be 
retained as a basis for correlating devi- 
ations; thus the results presented in 
Figures 2 through 5 were correlated 
as deviations from Equation (17) in 
Figures 6 through 9. Some extrapola- 
tion was necessary in preparing these 
graphs as they appear. 

If the penetration theory solution is 
desired for given values of r, q, and 
v'K the following procedure is re- 
commended: 

1. For the values of r and q in 
question the asymptote 9. is deter- 
mined from Equations (12) or Figure 
1. 

2. For this value of +a and for the 
value of v%fin question the first ap- 
proximation to 4 is obtained from 
Equation (17). This approximate value 
is called 9'. 

3. When one uses this value 4 to- 
gether with +e and r,  the second ap- 
proximation 4 can be obtained by in- 
terpolation from Figures 6 through 9. 
This second approximation should be 
within 3% of the true penetration- 
theory solution if r,  +., and d M  are 
within the ranges covered in this 
study. 

CONCLUSIONS 

The linearized, time-centered, im- 
plicit finite-difference method em- 
ployed for integrating the nonlinear 
partial-differential equations proved to 
be quite effective. This permitted the 
computation of the penetration-theory 
solution to values of v'c as high as 
28, for some cases, with the expenditure 
of a tolerable amount of computer 
time. While these results consumed 
approximately 20 hr. of computer time, 
it is estimated that more than one 

thousand computer hours would be re- 
quired if an explicit finite-difference 
method were used. 

When the diffusivity ratio r is dif- 
ferent from unity, the film and pene- 
tration theories predict different 
asymptotic values of + for an infinitely 
rapid chemical reaction. However if 
the two theories are compared, not at 
the same value of q but at values of q 
such that the asymptotes are the same, 
the curves of 4 vs. dM for the two 
theories agree surprisingly well. This 
fact formed the basis of the use of 
Figures 6 through 9 with Equation 
(17) for a simplified method of ob- 
taining the penetration theory solution 
over a wide range of variables. 
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NOT AT I ON 

A = concentration of species A, 
the gas being absorbed, 
moles/cc. 

a = A/A, 
uJ" = the value of a at e = nae, z 

= iAx 
0' = concentration of species B ,  

the nonvolatile solute, moles/ 

h = B/U"  
6," = the value of b at 8 = nA8, 2 

V = liquid-phase diffusivity, sq. 

erf (r) = ( 2 / 4 J  S;e-u2 dy 
exp(u) = e" 
J 

cc. 

= j&z 

cm. /sec. 

= the number of distance incre- 
ments considered in the finite- 
difference equations. 

k, =reaction rate constant, cc./ 
(mole) (sec.) 

k, = liquid-phase absorption co- 
efficient, cm./sec., based on 
average absorption rate for 
penetration theory 

= ( d 4 ) e  for penetration 
theory 

g = B J A ,  
r = D J D ,  
t = time, sec. 
tanh(u) = (e" - e - . ) / ( e U  + e-.) 
?i 

M = k,D,B,/(k",)2 in general 

= distance into the liquid phase, 
cm. 

Greek Letters 

AZ = increment in z for finite-dif- 

s3(an,) = anj-, - 2anj -I- a",+l, the sec- 

0 = k,B.t, dimensionless time of 

AO = increment in 0 for finite-dif- 

u = paIrameter in parametric equa- 

ferencc equations. 

ond distance difference 

contact 

ference equations 

tions 
4 = k , / k , "  

16 

7 I2 * 
0 
9 8  

4 

0 
0 0.1 0 2  0.3  0.1 0.3 0 6  0.7 0 8  0.9 

Fig. 9. Correction to Equation (17), = 21. 
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+a = asymptotic value of 9 at large 
values of e (or dM) 

Subscripts 

A = species A 
B = species B 
G = gas phase 
i = to gas-liquid interface 
L = to liquid phase 
o = in film theory, the bulk liquid 

core; in penetration theory, 
the liquid at the start of a 
contact time interval 

Superscripts 
4 = physical absorption, in which 

no chemical reaction occurs 
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Two-Phase Concurrent Flow in Packed Beds 
R. P. LARKINS and R. R. WHITE 
University ef Michigan,  Ann Arbor, M i c h i g a n  

D. W. JEFFREY 
Humble Oil and Ref in ing Company,  Baytawn, T e x a s  

Pressure drop and liquid saturation accompanying two-phase concurrent flow have been 
studied in  a voriety of packings and with gas-liquid systems having a wide range of fluid proper- 
ties. Two basic flow patterns were observed with nonfoaming systems. Correlations of pressure- 
drop and liquid-saturation data were obtained in terms of the single-phase friction losses for 
the liquid and the gas when each flows alone in the bed. Deviations from the correlation with 
foaming systems are discussed and illustrated with sample data. 

To design reaction vessels having 
concurrent two-phase flow of liquid 
and gas through a catalyst bed a 
knowledge of certain characteristics of 
the flow is required. The trickle bed 
reactor is one such area in which pre- 
dictions of two-phase pressure drop 
and liquid saturation, the fraction of 
void space occupied by liquid, are im- 
portant. 

The purpose of this investigation 
was to obtain data on two-phase flow 
in packed beds and to establish a suit- 
able correlation for the prediction of 
the pressure drop and liquid satura- 
tion. To narrow the scope somewhat 
this discussion will be limited to the 
correlation of simultaneous downflow 
of a liquid and a gas and to unconsoli- 
dated beds of sufficient pore diameter 
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that capillary forces are not a major 
effect. Although some foaming systems 
will be presented, the main portion of 
the data is further limited to systems 
which do not foam. 

Piret, Mann, and Wall (9) was the 
only reference found for two-phase 
concurrent flow in packed beds. The 
data for four runs indicated that pres- 
sure drops for a given liquid rate and 
with a gas velocity of 0.46 ft./sec. 
were different by a factor of 2 for the 
countercurrent and concurrent modes 
of flow, The concurrent pressure drop 
was observed to be the lower drop. 

T W O - P H A S E  FLOW IN PIPES 

While data on two-phase concur- 
rent flow in packed beds are quite 
scarce, there has been a substantial 
interest in pressure-drop data for two- 
phase flow in open pipes for as long as 

engineers have been designing equip- 
ment to vaporize liquids or to condense 
vapors inside tubes. An extensive bib- 
liography of the early investigations 
may be found in reference 7. 

The first important correlation for 
two-phase flow in open pipes was 
proposed by Martinelli, Boelter, Tay- 
lor, Thomsen, and Morrin (7 )  and was 
based upon previously reported data 
as well as data obtained in horizontal 
pipes of 1-in. diam. and smaller. Mar- 
tinelli, Putnam, and Lockhart (8) ex- 
tended the base of the proposed cor- 
relation with additional data in the 
viscous region. The final paper in the 
series by Lockhart and Martinelli (6) 
presents the completed correlation in 
terms of a single curve for each of the 
four flow mechanisms observed. These 
mechanisms are as follows: turbulent 
flow in the gas phase with turbulent 
flow in the liquid phase; turbulent flow 
in the gas phase with viscous flow in 
the liquid phase; viscous flow in the 
gas phase with turbulent flow in the 
liquid phase; and viscous flow in the 
gas phase with viscous flow in the liq- 
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